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Introduction 
It is known that, on a topological vector bundle on p2(C) (or more generally on 
an analytic variety), there exist different analytic structures and sometimes they 
depend analytically on some parameters ( ee the theories of deformations and of 
moduli spaces). 
In analogy with this kind of problems one can ask how many different homo- 
geneous analytic structures there exist on a fixed topological vector bundle on fpn. 
In this note the problem is studied on p2. Vector bundles of rank <_ 2 have at 
most one homogeneous analytic structure, but already for rank 3 vector bundles 
there is no more uniqueness for such a structure on a fLxed topological type. For 
example, on the topologically trivial bundle there exist three different homogeneous 
analytic structures, namely 
~p2 3, E0"=Tp2( -1 )~)Op2( -1 ) ,  E~/:=T~2(-2)@@~2(1) 
and this, up to tensorizing by a holomorphic line bundle, is the only example for 
rank 3 where such structures can be deformed analytically one into the other (see 
Section 1). In fact, there exist other examples of topological types, on which there 
exist at least two homogeneous analytic structures, but these are rigid as analytic 
structures. 
We study in detail the example above, by constructing the versal deformation 8 
of Eo, which has base (C, 0) and is essentially the universal extension of Tp2(-1) 
by ffp2(-1).  It has the property that ~'0=E0 and 8s= t~ 3 for each s~0 (see 2.3 
and 2.4). 
We also give explicitly a family Y with base [p1 such that ~0=E0, Y**=Eff and 
ojs = ~3 for each seC* (see 2.5). The existence of such a family is interesting, 
since the homogeneous rank 3 vector bundles on IP 2 are classified by discrete 
invariants. 
* This research was done when the author was a member of G.N.S.A.G.A. of the C.N.R. 
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In the following [p2 always denotes 1~2(C) and the word 'bundle' always means 
'vector bundle'. We shall use the notations of [9], to which we refer for the most 
common definitions, that we don't recall here. For the notations about 
deformations of vector bundles, we refer to [5l and [3]. 
. 
We recall that Van de Ven [10] proved that the only homogeneous rank 2 vector 
bundles over IP 2 are of the form ~2(al)Gep2(a2) or T~(a)  with a l ,a2 ,ae7/ .  An 
easy computation of Chern classes of such bundles hows that on a fixed topological 
rank 2 vector bundle on [p2 there exists at most one homogeneous structure, but in 
general there is none (for example there is no homogeneous rank 2 vector bundle 
on p2 with Chern classes Cl =0, c2= 1). 
Elencwajg (see [2]) classified the homogeneous analytic rank 3 vector bundles on 
lP 2. The following is the list of all possible such bundles, together with their Chern 
classes: 
(A) :p2(al ~ 0~2(a2)~ :~2(a3) 
(c 1 = a 1 + a 2 + a3, c2 = ala2 + ala3 + aza3); 
(B) T~,2(a) G :~,2(b) 
(c~ = 3 + 2a + b, 
(C) (S2Tp2)(c) 
(cl = 9 + 3c, 
with al, a2, a3, a, b, c e Z. 
c2 = 3 + 3a + a 2 + b(3 + 2a)); 
c 2 = 30+ 18c+ 3C 2) 
It is well known that on [p2 two vector bundles El, E2 are topologically iso- 
morphic if and only if c i (E l )=  ci(E2) for i = 1, 2. It is also known that for every 
cl, c2 ~ 7/there exists a topological vector bundle of rank r (r_> 2) with these Chern 
classes. 
It is easy to see that on lP 2 there are examples of topological rank 3 vector 
bundles, on which there exist no homogeneous analytic structure (for example when 
cl =0, c2 =-  1), but there exist also topological rank 3 vector bundles, on which 
there exists more than one homogeneous structure. For example, the bundles 
T~2(-b)<~ 9~,2(2b - 3) and T~,2(b - 3)(~ #~2(3 - 2b) are topologically isomorphic for 
every b ¢ Z, but not analytically isomorphic, because Atiyah (see [1, Theorem 3]) 
proved the uniqueness of vector bundle decomposition i to indecomposable factors 
over a compact variety. 
A particularly interesting example of non-uniquess of the homogeneous structure 
is given by the three bundles 
g~3, eo := T~2(-I)~)~,2(-I), E~' "= T~2(-2)~):~2(I), 
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which are all topologically trivial. 
Up to tensorizing by a line bundle, the bundles E o, E~ are the only homogeneous 
vector bundles, which are not rigid under deformations and the underlying topo- 
logical bundle admits more than one homogeneous structure. In fact, we have the 
following two propositions: 
1.1. Proposition. (i) If E= ©p2(al)(~ @ip2(a2)@ #~2(a3) 
HI([P 2, End E) = 0. 
(ii) I f  E= T~2(a)G O~2(b) with a, b e 71, then 
with al,a2,ase27, then 
dimcHl( lp2,EndE)=I01 ifa:/:b, a~b-3 ,  
i f  a=b or a=b-3 .  
Moreover, i f  a = b or a = b - 3 one has H2([P 2, End E) = 0. 
(iii) I f  E = (S 2 T~O(c) with c e Z one has 
dimc H l ([]:)2, End E) = 4 and H2(p  2, End E) = 0. 
Proof. (i) is clear. 
(ii) Hi([P 2, End E) =Hi([P 2, End(Tp2(a))@)Hi([P 2, @p2) 
@ Hi([p2, Ql2(b- a)~) Hi([P 2, Tp2(a- b)) 
for i= 1, 2 and by Bott formulas 
H l ([p2, ~lp2 ) = HE([p2, 01p2 ) = 0, 
dimcH,(~2,i212(b_a))=I10 if a=b,  
if a--/:b, 
dim c HI([P 2, Tp2(a - b)) =d imc HI([P 2, ~212(a - b + 3)) 
=I10 if a=b-3 ,  
if a~:b-3,  
dim c H2(Ip 2,12~2) =0. 
Moreover by tensorizing the Euler sequence 
O~ ~p2(a)-* ~2S(a + 1)-~ T~2(a)--,.O 
by ~( -a )  we have the exact sequence 
0-~l'2~2~(l'2~2(1))0)3~End(Tw2(a))~0 
from which we obtain 
2 1 0)3 ...¢. 1 2 0=HI( Ip ,(t)p2(1)) ) H (~ ,End(T~2(a)))--, 
H2([P 2, Qlp2) = 0"-' H2(IP 2 (O12( 1 ))0)3 ) = 0 --,, 
H2(IP 2, End(Tp2(a)))---, H 3 ([p2 f2~2) = 0 
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for i = 1, 2 and the assertion (ii) is proved. 
(iii) It was proved by Hulek (see [7, (2.1)]). 
1.2. Proposition. Whenever on a f ixed rank 3 topological vector bundle on p2 
there exists a homogeneous structure o f  type (S 2 T~O(c), then this is unique. 
Proof .  Assuming the contrary, there would exist a~, a 2, aaa, b, c E 7/ such that 
(1) I al + aE + a3 =9 + 3c' 
~ a la  2 + a la  3 + a2a 3 = 30÷ 18c+ 3C 2 
or  
I 3 + 2a+ b=9+ 3c, (2) 3 + 3a + a 2 + b(3 + 2a) = 30 + 18c+ 3c 2. 
Without restriction we may assume c=0,  so (1) becomes 
(1') fa3=9-a l -a2 ,  
-a  2 - a 2 - ala2 + 9al + 9a2 = 30, 
and this system has no integer solution, since the first member of the second equa- 
tion is a quadratic form, which has a maximum only for a~ = a2 = 3 and its value is 
27 (< 30). 
Another simple computation shows that (2) has no integer solution. 
1.3. Remark. Proposition 1.1 shows that homogeneous vector bundles of type (A) 
are rigid with respect o analytic deformations. The same holds for homogeneous 
vector bundles of type (B), which are not of the form T~2(a)<~2(a) or 
T~2(a)G~2(a+3), while for these bundles the base of the versal deformation is 
isomorphic to (C, 0). 
Homogeneous vector bundles of type (C) are not rigid, but they are stable and 
their moduli space is an irreducible variety of dimension 4 (see [7]). Proposition 
1.2 shows that in this moduli space the only homogeneous bundle is (S2T~O(c). 
. 
We shall show in the following that in the versal deformation of E 0 := 
T~,2(-1)~0~2(-1) (resp. of E~:=T~2( -2 )~p2(1) )  there appears only one 
other vector bundle, that is the analytically trivial vector bundle ~3.  In order to 
do so we need some preliminaries. 
2.1. Lemma. Let V be a rank-2 holomorphic vector bundle on [~2. Let us assume 
that V makes exact the sequence 
¢3) v--.o 
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or the sequence 
(4) 0--, @~,2(- 1)--,E0--, V--, 0 
where E o := T~2(- 1)(~) ~9~,2(- 1). 
Then V is analytically isomorphic to T~2(-1). 
Proof .  Since ci(~2 3) =ci(Eo)=O for i= 1,2, in both cases we must have 
(1 -~)(1 + Cl (V)~ + c2(V)~2) = 1, 
hence ci(V)= 1 for i= 1, 2; that is V is topologically isomorphic to T~2(-1). 
We prove that V is stable, by showing that H°([P 2, gnorm ) = 0 (see [9, Lemma 
(1.2.5), p. 165]). We observe that Vnorm = V( -1 )  and, whenever V makes exact the 
sequence (3), we have 
0--* 0p2(-- 2)--* ~23 (-- 1)---~ V(- 1)---~ 0
from which 
0 = H0(~ 2, ~p23 (-- 1))---,H°(~ 2, V(- 1))--~HI (P 2, 0p2(- 1)) = 0, 
hence H°(~ 2, V(-  1)) = 0. 
In the same way the assertion follows whenever V makes exact the sequence (4), 
since H°([P 2, E0) = H I (IP 2, 0p2(- 1)) = 0. 
By Hulek [6, Theorem (2.1)], the moduli space of stable 2-vector bundles on p2 
with first Chern class -1  and second Chern class + 1 is a 0-dimensional irreducible 
variety, therefore on V(1), hence on V, there is only one analytic structure and the 
conclusion follows. 
2.2. Proposition. Let U be a neighbourhood of 0 in C and let F be a holo- 
morphic vector bundle on [p2xU such that F[p2x{o}=T~2(-1)@~2(-1) and 
Fl~2x{c}=~23 for every ce U-  {0}. 
Then there exists a neighbourhood U' of  0 in U such that, i f  we denote by 
q: Ip2xU'--,[P 2 the canonical projection, F is an extension of q*T~2(-1) by 
q*~n:( -  1). 
Proof .  Let us denote by p : ~2 )< U'-* U the canonical projection. 
We want to show that the vector bundle F(1) has a non-vanishing holomorphic 
section on [p2x U', with U" a neighbourhood of 0 in U. 
Let ~7C ~p2×u be the ideal sheaf of [pEx {0}. From the exact sequence 
0~ ~TF(I) -~ F(1) ~ F(1)/~TF(I)-, 0
we have the exact sequence 
/"([P2 x U, g(1))--~/-'([P2 x U,F(1)/~F(1))-*HI(~2x U,F(1))-*-.- 
We show that HI([p2× U,F(1))=0. Let us consider the spectral sequence 
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E~ s := Hr(u, RSp,F(1))= Hr+s(~2X U, F(1)). 
The terms E~ s such that r+s=l are H1(U,p,F(1)) and H°(U, Rlp.F(1)). We 
observe that H 1 (U, p ,F (1) )= 0 by Theorem B of Cartan-Serre, since U is Stein and 
p,F(1) is a coherent sheaf, as p is proper; H°(U, Rip.F(1))= 0, since by the semi- 
continuity theorem (see [9, p. 10-11]) Rlp.F(1)=O, as HI(p2,F(1)Ip-,(c))=O for
each c~ U. Therefore HI([P 2 x U,F(1)) =0, hence the morphism F(iP 2 × U,F(1))~ 
F(~ExU, F(1)/dTF(1)) is surjective, that is, every section of F(1)/dTF(1))= 
F(1)[~2x{0} can be extended to a section of/7(1). But F(1)]~2x{0} is a globally 
generated vector bundle of rank 3 on [pEx {0}= [P:, hence by [9, Lemma (4.3.1), 
p. 81], it has a non-vanishing holomorphic section, which can be extended to a sec- 
tion of F(1), which does not vanish on [p2 x U', with U' a suitable neighbourhood 
of 0 in U. This non-vanishing holomorphic section gives a vector bundle monomor- 
phism 0~q*~2( -1 )  a,F on [p2x U'. The quotient of a is a family Q (on U') of 
vector bundles on [P: such that, for each c~ U', Q ]p-'(c) is analytically isomorphic 
to T~2(-1) by Lemma 2.1. It is well known that whenever two families Ql and Q2 
on U' of stable vector bundles are such that Q1 [p-'(c)=Q2[p-I(c) analytically) for 
each c~ U', then Ql = QE®p*L with L a holomorphic line bundle on U'. But every 
line bundle on U' is trivial (see [4, (30.3), p. 229]), hence Q1 = Q2 (analytically). 
Therefore the quotient of a is the vector bundle q*T~:(-1), so we have the exact 
sequence 
0-*q*e~2(- 1) -E~a F--*q*T~2(-1)~O 
and theconclusion follows. 
2.3. Construction of the universal extension of T~2(-,1) by ~?p2(--l). Let us con- 
sider on [p2 the Euler sequence 
o-, : : ( -  1)--, 1)- 0 
and let us lift it on lp2x C~ by the canonical projection q" IP2× C-+IP 2, to the exact 
sequence 
0~q*:~2( - 1) ~ q*~2 3 --+ q* Tn:(- 1)~0.  
Let us consider the map ~ :q*Op2(--1)--*q*g~p2(--1) defined as follows: for each 
(x,A)e IP2 x C 
¢(X, 4)" (q * ~[~2(-- 1))(,~ 4) --' (q * 0~2(- 1))(~ 4) 
is the multiplication by A, that is, ¢(~4)((x,,~), o)"= ((x, A), A o) . Let E be the vector 
bundle on [p2x C defined through the diagram 
0 ' q*~p2(-1) a ./~2 ,q ,  3 ,q*T 
[ , ~ t 
I 
0 ' q*&~2(--1) -' E "-'q*7 
: ( -  1) ,0 
id 
,2(- l) ,0  
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or, equivalently by the exact sequence 
0-~q'0~2(-1) (¢,-a))q,O~,2(_l)~q,~2 3 ¢0 ,E__}0 
(where (¢ , -a )  is a vector bundle monomorphism, since a is such). By construction 
we have E[~2x{0}=E 0 and for each ceC-  {0}, moreover E is the 
universal extension of T~2(-1) by ~,2(-1) (see Lange [8]). 
In fact, if we choose 
(E) 0--} ~p2(- 1)~ ~23 --} Tp2(- 1)--}0 
as a generator of 
Ext i ( Tp2(- 1 ), @p2(- 1 )) = H I(Ip 2, Hom( Tp2(- 1 ), @p2(- 1 )) 
=HI(p2,  f2~2)= C, 
for each A • C, then E I e 2 × {~} is exactly the extension 0 f Te2(- l) by ~e2(- l) cor- 
responding to A-.~. 
In the next section we shall consider E as a vector bundle on ~D2x (C, 0). 
2.4. Proposition. The versal deformation & of Eo := T~2(- 1)t~ e~2(- 1) is isomor- 
phic to the family E constructed in 2.3. 
Proof. Since &-*IP2 x (C, 0) is the versal deformation of Eo (see 1.1 and 1.3), there 
exists a morphism of germs of analytic spaces f : (C, 0)-} (C, 0) such that E-~ 
(idp2 ×f)*& (see [5, §8]). Clearly f cannot be the null morphism, since E is not 
trivial, hence & Ip2x{o}=Eo and g p~×{c}= t~2 a for each ceC*; then, by Proposi- 
tion 2.2, & is obtained as extension of q*T~2(-1) by q*tYp:(-1). 
Since E is the universal extension of Tp2(-1) by Op2(-1) (see 2.3), there exists a 
morphism of germs of analytic spaces g: (C, 0) -} (C, 0) such that &-~(idp2 x g)*E, 
from which E-~(idp2x(gof))*E. From the universality of E, it follows that 
gof=id(c,o), hence, since f is surjective, f is an isomorphism, that is E= ~. 
2.5. Construction of a family over IP2× IP I. We want now to construct a vector 
bundle : over rP2× p l such that 
:-Ip2x{O} = T~,2(- 1)@ t~p2(- 1), 
fflp2x{~}= Tp2(-2) (~) ~p2(1), 
f f [p2x{~}=~ 3 for each AeC*. 
Let E be the vector bundle on pEx C constructed in 2.3. Since, E [p2 x {c} = t~ 23 for 
each c~C*, denoting by p:[p2xC'-}C the canonical projection, we have 
E Ip2xc,=p*G with G a vector bundle on C*, therefore E ]~,2xC, is trivial (see [4, 
(30.3), p. 229]). 
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Let us now consider the vector bundle E v, dual of E. Through the isomorphism 
~2 )< (~1 _ {0})_. % ~D2 )< C we can  cons ider  E v as a vector  bund le  over  [p2 )< ([pl _ {0})  
and we have 
Ev Ip2x{~o}=E~/= T~2(-2) @ eye2(1), 
EV[~2x{c}=~ 3 for a l l c~tP l -{0 ,0o} ,  
hence EV[  2×c, is trivial. 
The vector bundle o ~ over [p2 X [pl obtained by glueing E and E v over [~2 X C*, 
is the family we are looking for. 
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